In this paper, we present the two-dimensional generalized nonlinear Schrödinger equations with the Lax pair. These equations are related to many physical phenomena in the Bose-Einstein condensates, surface waves in deep water and nonlinear optics. The existence of the Lax pair defines integrability for the partial differential equation, so the two-dimensional generalized nonlinear Schrödinger equations are integrable. We obtain bilinear forms of the two-dimensional GNLS equations. One-and two-soliton solutions are derived via the Hirota bilinear method, a procedure quite useful in the solution of nonlinear partial differential equations. We apply the extended tanh method in order to construct new exact traveling wave solutions. Through 3D plots, we show the dynamical behavior of the obtained solutions.
Introduction
The investigation of nonlinear evolution equations is the main area of research in the field of nonlinear dynamics. One of the nonlinear equations is the nonlinear Schrödinger (NLS) equation which arises from a wide variety of fields, such as weakly nonlinear dispersive water waves, quantum field theory and nonlinear optics [1] - [4] . Different modifications and generations of the NLS equations were proposed and studied [5] - [10] . There are various methods to study nonlinear equations, such as the Darboux transformation [11] - [15] , the Hirota method [16] - [19] , the sinecosine [20] , [21] , the extended tanh method [23] - [25] and so on.
In this paper, we present the two-dimensional generalized nonlinear Schrödinger equations (GNLSE) as
where , are the wave functions, and are the constants. The equations (1)-(2) admit next reductions: if = 0, = 0 we can obtain the two-dimensional nonlinear Schrödinger equations, if = , = 0, = 0 we can get the one-dimensional nonlinear Schrödinger equation. By using two methods we obtain nonlinear wave solutions for the two-dimensional GNLSE. We apply Hirota bilinear method and obtain the bilinear form of the two-dimensional GNLSE. One soliton and two soliton solutions are constructed based on the obtained bilinear form. We derive a traveling wave solution using the extended tanh-method that provides wider applicability for handling nonlinear wave equations. The figures have been plotted to display the dynamical features of solutions.
The article is organized as follows. In Sec. II, we present the Lax pair for the twodimensional GNLSE. The Hirota bilinear method was applied for two-dimensional GNLSE (1)- (2) to obtain exact soliton solutions in Sec. III. Section IV is the derivation of a traveling wave solution for the two-dimensional GNLSE (1)-(2) by the extended tanh method. In Sec. V, we summarize the results of our study.
Lax pair
The Lax pair provides the complete integrability of the nonlinear equation. In this section, we present the Lax pair for equations (1)-(2) that can be expressed as follows:
where Ψ = (Ψ 1 , Ψ 2 ) ( denotes the transpose of a matrix), is a spectral parameter and the matrices and have the form
Through direct computations, it can be verified that the compatibility condition (also known as a zero-curvature condition):
exactly gives rise to
Let us now consider the reduction = * , where * means a complex conjugate we use to get equations (1)-(2).
Soliton solutions
In order to obtain soliton solutions for the two-dimensional GNLSE we apply Hirota bilinear method. The method was suggested by Hirota [16] , [18] . This approach provides a direct method for finding N-soliton solutions to nonlinear evolutionary equations. The stages of the method are described in the next section.
Description of Hirota bilinear method
The basic idea in Hirota bilinear method are as follows [3] , [16] , [18] :
Bilinearization. At this stage, a dependent variable transformation is introduced. The transformation ought to reduce the nonlinear equation to the bilinear equation, which is quadratic in the dependent variables.
Transformation to the Hirota bilinear form. Hirota suggests the D-operator defined by
with ′ , ′and ′ as three formal variables, ( , , )and ( ′ , ′ , ′ ) being two functions, , and being three nonnegative integers. The operator (8) rewrites the bilinear equation in terms of the operator as a combination of variable coefficient bilinear equations.
Using the Hirota perturbation. Formal perturbation expansion into this bilinear equation is introduced. This expansion is truncated in the case of soliton solutions. To prove that the suggested soliton form is indeed correct, we use mathematical induction.
Application

Bilinear form
The two-dimensional GNLSE (1)- (2) can be rewritten as
with the dependent variable transformations = ,
where is the complex function of , and ; , ℎ-are real ones, , and are the bilinear differential operators defined by (8) .
To obtain the soliton solutions of equations (9)- (11), we expand , , ℎ with respect to a small parameter as follows:
where ( = 1,3,5, … ) are the complex functions of , and , and , ℎ ( = 2,4,6, … ) are the real ones. Substituting expression (14)- (16) into (9)- (11) and collecting the coefficients of the same power of , we have from equation (9) with the benefit of the above expression and symbolic computation, we can obtain the one-, two-, and N-soliton solutions for equations (1)- (2). 
setting = 1, and substituting them into bilinear forms (9)- (11), we can obtain the one-soliton solutions for the two-dimensional GNLSE as follows:
= 2( Figures 1 and 2 show the time evolutions of the one-soliton solutions. The two-soliton solutions To derive the two-soliton solutions for equations (1)- (2), we truncate expressions (14)- (16) as 
set = 1, and substitute them into the bilinear equation (9)- (11), and we get Dynamics of the two-soliton solutions is presented (Fig.3, Fig. 4 ). 
Traveling wave solutions
We use the extended tanh method [23] to obtain traveling wave solutions for the two-dimensional GNLSE. In the next section, the description of the method is presented.
Description of the extended tanh method
The partial differential equation (PDE)
where 1 is a polynomial of ( , , )and its partial derivatives, in which the highest order derivatives and nonlinear terms are involved, can be converted to the ordinary differential equation (ODE)
by using a wave variable ( , , ) = ( ), = + − ,
where is the constant. We integrate equation (26) as long as all terms contain derivatives. Constants of integration are considered zeros. The tanh method was suggested by Maliet [22] and then was extended by Wazwaz [23] . By using a new independent variable
where is the wave number, we have the following change of derivatives:
The extended tanh method admits the use of the finite expansion in the following form:
where 0 , 1 , 2 , 3 … and 0 , 1 , 2 , 3 … are unknown constants. is obtained balancing the highest order derivative term and the non-linear terms in equation (26). Then put the value of ( )from (29) in equation (26), and comparing the coefficient of we can obtain the values of the coefficients where 0 , 1 , 2 , 3 … and 0 , 1 , 2 , 3 … .
Application
In this section, we obtain exact traveling wave solutions of the two-dimensional GNLS equation using the extended tanh method [23] , [25] . For applying this method, we ought to reduce the system (1)- (2) to the system of ordinary deferential equations. If we consider the transformation
where , , are the constants, ( , , ) is the real valued function, then the system (1)- (2) reduced to the following system of differential equations
Substituting the wave transformation
into system (31)-(33), we obtain that
From equation (37) we have that
Integrating equation (38) with respect to and taking integration constant zero for simplicity, we find = −2 2 .
(40) Substituting equation (40) into equation (36), we obtain the following ordinary differential equation
where prime denotes the derivation with respect to . Balancing the nonlinear term 3 , which has the exponent 3 , with the highest order derivative ′′, which has the exponent + 2, in (41) yields 3 = + 2 that gives = 1. Then the extended tanh method allows us to use the substitution
Substituting (42) into (41) and collecting the coefficients of , we obtain a system of algebraic equations for 0 , 1 , 1 , . Solving this system with the aid of Maple, we obtain the following results:
Result 1:
Result 2:
Result 3:
Result 4:
By substituting equation (42) 
Conclusion
In this paper, we present the two-dimensional generalized nonlinear Schrödinger equations with the Lax pair. The Lax pair plays an important role in the study of the integrability of the differential system. By employing two methods we have obtained the nonlinear wave solutions for the twodimensional generalized nonlinear Schrödinger equations. Soliton solutions are derived by Hirota bilinear method. This method gives a mechanism for finding arbitrary N-soliton solutions for PDEs which can be written in bilinear form in the D-operator via a transformation of the dependent variable. We obtained the traveling wave solutions using the extended tanh method that provides wider applicability for handling nonlinear wave equations. The figures are plotted to display the dynamical features of those solutions. Moreover, the presented methods can be applied to obtain new solutions for other nonlinear evolution equations.
